ABSTRACT. In this paper, we study the asymptotic behavior of the solutions of a neutral difference equation of the form
Introduction
A neutral difference equation is a difference equation in which the higher order difference of the unknown sequence appears in the equation both with and without delays or advances. See, for example, [1, 4, 5, 12] and the references cited therein. We should note that, the theory of neutral difference equations presents complexities, and results which are true for non-neutral difference equations may not be true for neutral equations [19] .
The study of the asymptotic and oscillatory behavior of the solutions of neutral difference equations has a strong theoretical interest. Moreover, results on those equations can be applied in several disciplines/fields of science and mathematics, including circuit theory, bifurcation analysis, population dynamics, stability theory, the dynamics of delayed network systems and others. As a result of the wide range of applications, neutral difference equations have attracted a great interest in the literature.
In the present paper, we are interested in the first-order neutral difference equation of the form ∆ [x(n) + cx(τ (n))] − p(n)x(σ(n)) = 0, n≥ 0
where (−p(n)) n≥0 is a sequence of negative real numbers such that p(n) ≥ p, p ∈ R + , c ∈ R, (τ (n)) n≥0 is an increasing sequence of integers that satisfies
and (σ(n)) n≥0 is an increasing sequence of integers such that
By a solution of the neutral difference equation (E), we mean a sequence of real numbers (x(n)) n≥−k which satisfies (E) for all n ≥ 0. It is clear that, for each choice of real numbers c −k , c −k+1 , . . . , c −1 , c 0 , there exists a unique solution (x(n)) n≥−k of (E) which satisfies the initial conditions
A solution (x(n)) n≥−k of (E) is called oscillatory, if the terms x(n) of the sequence are neither eventually positive nor eventually negative. Otherwise, the solution is said to be nonoscillatory.
In the special case where
In the last few decades, our insight in the asymptotic behavior of neutral difference equations has been significantly advanced. A large number of papers have contributed to the research on this subject. See [2, 3] , [6] - [11] , [13] - [18] , [20] - [27] and the references cited therein.
The objective in this paper is to investigate the asymptotic behavior of the solutions of Eq. (E). First, we establish some preliminary results that will serve as a useful tool in formally studying the asymptotic behavior of the solutions of Eq. (E), depending on the real constant c.
Some preliminaries
Assume that (x(n)) n≥−k is a nonoscillatory solution of (E). Then it is either eventually positive or eventually negative. As (−x(n)) n≥−k is also a solution of (E), we can restrict ourselves to the case where x(n) > 0 for all large n. Let n 1 ≥ −k be an integer such that x(n) > 0, for all n ≥ n 1 . Then, there exists n 0 ≥ n 1 such that
In view of (2.1), Eq. (E) becomes
which means that the sequence (z(n)) is eventually strictly increasing, regardless of the value of the real constant c. Throughout this paper, we are going to use the following notation
, and so on.
Let the domain of τ be the set D(τ ) = N n * = {n * , n * + 1, n * + 2, . . . }, where n * is the smallest natural number that τ is defined with. Then for every n > n * it is clear that there exists a natural number m(n) such that
since (m(n)) is increasing and unbounded function of n. For the convenience of the readers we recall the definition of accumulation point:
Ò Ø ÓÒ 2.1º Let (a(n)) be a sequence of real numbers. A point α is called an accumulation point of (a(n)) if there exists a subsequence (a (θ(n))) which converges to α.
The following lemma provides us with a useful foundation for establishing the main results.
Ä ÑÑ 2.1º Assume that the sequence (x(n)) n≥−k is a positive solution of (E).
Then the following statements hold:
For the above relation, exactly one of (2.4) or (2.6) can be true. Part (i): Assume that c = 0 and (2.4) holds. Since p(n) ≥ p > 0, we have
The last inequality guarantees that
Since (z(σ(n))) is a subsequence of (z(n)), we have
Using (2.9), we obtain
The proof of Part (i) of the lemma is complete. Part (ii): Assume that (2.6) holds. Then, by taking limits on both sides of (2.8) we obtain lim n→∞ z(n) = +∞, which in conjunction with the fact that the sequence (z(n)) is eventually strictly increasing, means that
The proof of Part (ii) of the lemma is complete. The proof of the lemma is complete.
Main results
The asymptotic behavior of the solutions of the neutral difference equation (E) is described by the following theorem:
Ì ÓÖ Ñ 3.1º For every nonoscillatory solution of (E) the following statements hold true: P r o o f. Assume that (x(n)) n≥−k is a nonoscillatory solution of (E). Then it is either eventually positive or eventually negative. As (−x(n)) n≥−k is also a solution of (E), we can restrict ourselves to the case where x(n) > 0 for all large n. Let n 1 ≥ −k be an integer such that x(n) > 0, for all n ≥ n 1 . Then, there exists n 0 ≥ n 1 such that
As it was shown in the preliminaries section, the sequence (z(n)) defined by (2.1) is eventually strictly increasing, regardless of the value of the real constant c. 
Since (z(n)) is eventually strictly increasing, we have
Combining the last two inequalities we have
Consequently, for every n > n * , applying the above procedure m (n ) − 1 times we obtain
Now, if for an index λ we have x(τ (n λ )) − cL 1+c < 0, then, for sufficiently large n the above inequality gives x(n) < 0 which contradicts our assumption that x(n) > 0. Therefore
or eventually
ASYMPTOTIC BEHAVIOR IN NEUTRAL DIFFERENCE EQUATIONS
Since lim n→∞ z(n) = cL, for every ε > 0 there exists n 2 ≥ n 0 such that for every
This means that lim inf x(n) ≥ cL 1 + c and therefore (2.6) holds. This contradicts our assumption. Thus L = 0, i.e.,
For the above relation, either lim n→∞ x(n) = 0 or (x(n)) has infinitely many accumulation points. Indeed, in the case where (x(n)) does not tend to zero, let L 0 > 0 an accumulation point of (x(n)). Then there exists a subsequence (x(θ(n))) of (x(n)) such that
In view of this, we have
Following the above procedure, we may find infinitely many non-zero accumulation points of the form
If (2.6) holds, then, in view of (2. 
Assume that L > 0. Then there exists a natural number n λ such that z(n) < 0 for every n ≥ n λ , and therefore
which means that (x(n)) is bounded. Since (x(n)) is bounded, let
Then there exists a subsequence (x(θ(n))) of (x(n)) such that 
Taking into account that the sequence (z(n)) is eventually strictly increasing, we have
Repeating the above procedure we obtain
Let (2.6) holds. In view of (2. The proof of the corollary is complete.
